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Abst rac t - -G iven  a point set in N 2, its envelope is defined as a contour line of the density of 
points with a given proportion of the points excluded. Three methods are presented and compared 
to est imate  the envelope: one is based on Voronoi tessellation, the second on a nonparametric density 
estimation, and the third approach is parametric. The proposed techniques are applied to detect he 
faster growing trees in tree growth data. @ 2000 Elsevier Science Ltd. All rights reserved. 
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When studying the relationship between two variables (X and Y) of a biological system, a 
triangular elationship is often encountered where large values for X (or Y) imply small values 
for Y (or X), but small values for X (or Y) can imply any value for Y (or X). For instance, 
Figure 1 shows tree diameter versus annual diameter increment for a sample of 7357 trees ill a 
natural tropical rainforest in French Guiana. The question raised is how can this relationship be 
quantified by estimating the envelope of the point; set $ = {(Xl, Yl),.-.,  (x,,, y~)}, where (z,, Y.i) 
are n observations of the variables (X, Y). As out:lying observations may be present, the convex 
hull of the point set £ does not fit [1]. Therefore, those points not representative of the triangular 
relationship must be removed from the envelope. In this paper, we present and compare three 
methods for estimating the envelope. Two are nonparametric, the third is parametric. As a 
motivating example, we investigated the envelope of the tree data illustrated in Figure 1 and 
compared the three proposed methods. 
1. METHODS 
Cons ider  the  po in t  set  8 as a sample  f rom random var iab les  X and  Y that  take  pos i t ive  values.  
Let  f(x,y) be the  jo in t  dens i ty  and  Az the  subset  { (x ,y )  : f(x,y) >_ l}. The enve lope  of (X ,Y )  
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Figure 1. Tree diameter versus  annual diameter increment for 7357 trees in a natural 
rainforest plot in French Guiana (Paracou site). Trees of diameter less than 10em 
are not inventoried. 
is defined as the frontier OAc of A~ where c is the largest constant such that: 
fA f (x ,y)dxdy >_ 1 (1) 
and c~ is a given level (typically 5%). A~ may be called the domain inside the envelope, and its 
complementary set in R + x R + the outside. A~ is the region of highest density [2]. 
An estimator of I(D) = ffD f(x, y) dx dy is: 
](D) = # {i: (xi, yi) e D}, (2) 
n 
where # stands for the cardinal. 
The aim of this paper is to solve equation (1). First, we propose a method (Method A) 
based on Vorono'/tessellation that does not require any estimation of f.  This method provides a 
classification of points between the inside and the outside, rather than an explicit envelope. 
The classical method (Method B) is to apply a threshold in a nonparametric density estimation. 
In some cases, the joint density f(x, y) is known but its parameters must be estimated from 
the data. A parametric approach is therefore presented (Method C). 
1.1. Method A 
The first method consists of using VoronoY tessellation to estimate locally the density of 
points. This approach is similar to the intensity estimation in point processes [3]. Let E = 
{(Zl, Yl ) , . . . ,  (Xn, Yrz)} be a sample of points from f.  Each point in R + x ]R + is assigned to the 
closest (xi,yi). Let s~ be the area of the cell attached to (x.i, y.i). We consider as outside the 
envelope the [an] points (x~, y~) with the highest areas s i, where [x] is the integer closest o x E R. 
Let A (respectively, A¢) be the union of Voronoi polygons whose nuclei xi are inside (respec- 
tively, outside) tile envelope. The envelope is estimated as the boundary between A and AC. 
Eliminating the [an] points with the largest areas s~ is equivalent to keeping n - [an] points 
on the narrowest domain, with therefore the highest density. 
The boundary between A and /~¢ may be fairly irregular due to the sensitivity of Voronoi 
tessellation to local point clusters. The boundary was smoothed using the closing operation on 
graphs in mathematicM morphology [4]: we define 0iA (respectively, /)oA), the inside (respec- 
tively, outside) border of ¢{, as the union of polygons of A (respectively, A ¢) adjacent o at 
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least one polygon of AC (respectively, A). The erosion and dilation operators from mathematical  
morl)hology, noted by Er and Di, map one set of Voronoi" polygons into another: 
The (:losing is a dilation followed by an erosion. Various properties of these ol)erators can I)e 
flmn(t in [4]. To smooth the envelope, a closing operation was i)erformed on both ~t and ./i": 
/ )=Di{Er [Er (D i (A) ) ]} .  
Let /)~ 1)e the complementary set o f / )  in R + × R +. The envelope can be estimatc(l as the 
boundary between /) and/ )c .  
1.2. Method  B 
As an alternative, we estimated f from the sample g with a two-dimensional kernel estimator. 
Equat ion (1) can then be solved numerically for any c [2]. The nonparametric estimation of 
probabil ity density functions is a large topic for discussion and here we used a classical method: 
the two-dimensional verage shifted histogram (ASH), which is discussed in detail by Scott [5]. 
Its contour lines were then computed. The envelope is the contour line that solves ](D) =: (,. 
where i) is the outside of an estimated contour line 0/). 
1.3. Method  C 
Cont imy to the two previous nonparametric methods, it is now assumed that the envelope 
is an element of a family of curves Co with parameters 0. Co must divide IR + × R + into two 
(lomains, the inside Ao and the outside A~, where I(Ao) >/~(A~). A first condition for Co t,() I)e 
the envelope is 
i (Ao) >_ 1 -ct. 
The envelope is defined as a contour line of the density function f.  The curve Co nmst therefore 
match the condition: Vx E Ao, gy  E A~, f (x )  > c > f (y ) .  Let u be the Lebesgue measure on 
~he Borel or-algebra of R 2, the mean intensity on Ao is 
fo-  J(Ao) 
f,~ is then maximized. The envelope can be the curve C a such that 0 minimizes ~'(Ao) under the 
, restraint I(Ao) _> 1 - ct. The solution is not necessarily unique. 
2. S IMULAT IONS 
Methods A and B were compared by performing sinmlations on a known problem. L~t ,.t 1)e 
the density flmction 
f(x,y) = __2A exp ( - A ~ ~  . 
7r \ / 
In polar coordinates (R, O), R and O are independent random variables, AR tbllows st gamma 
law with parameter 2, and O follows a uniform law on [0, 7r/2]. The contour lines of f me cicctes 
centered on the origin, and the envelope is the restriction to R + × R + of the circle of radius uo/A. 
where a0 is the root of (1 + u) exp( -u )  - c~. When c, = 5%, 'u0 ~ 4.74. 
One hundred samples of points were simulated {(xl, yl) . . . . .  (xn, y~)} from the density f (tak- 
ing £ := 1), each of size n = 1000. The envelope at level ct = 5% was estimated for each saml)le 
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Table 1. Number of misclassified points using Methods A and B. The average is 
computed on 100 simulations. The size of the sample is 1000 points. 
# Misclassified Points 
Method 
Average Min. Max. 
A 13.9 4 26 
B 12.8 4 22 
using Methods A and B, and the points (xi, Yi) were classified as inside or outs ide the enve- 
lope. As the true envelope was know n, the percentage of misclassified points could be computed.  
Results are given in Table 1. 
Let N be the number of points outside the true envelope. Because the sampl ing is stochastic,  
N follows a binomial  law/3(1000, 0.05) that  can be approx imated by a normal  d ist r ibut ion with 
mean 50 and s tandard  deviat ion 6.9. Hence, at the 5% level, one may expect 14 misclassified 
points. This is consistent with our results. 
3. APPL ICAT ION:  TREE GROWTH DATA 
When model ing forest dynamics,  it can be useful to identify the faster growing trees, since they 
play a part icu lar  ole in st ructur ing the populat ion.  From a pract ical  point  of view, it can also 
be useful in a forest inventory to detect rapid ly in the field whether or not a measure is doubtful .  
The envelope may help in these goals. 
The dataset  considered here concerned diameter  (D) and annual d iameter  increment (AD)  
for 7357 trees in a natura l  tropical  rainforest in French Gu iana  (see F igure 1). Trees were 
inventoried if their  d iameter  was more than 10 cm. Min imum diameter  was therefore set to zero 
by subtract ing 10cm from D, and the data  were normal ized by dividing D and AD by their  
s tandard  deviat ion. The envelopes were est imated by the three methods.  F igure 2 shows the 
est imate of f .  The envelope at the level c~ = 5% is the contour line of level c = 9.75 x 10 -3. 
F igure 3 shows the Vorono'i tessellation, with the boundary  around the [7357c~] = 368 largest 
polygons. As no connect iv i ty constraint  is imposed, a coastl ine-l ike boundary  is observed. For 
Method C, the envelope was sought from the straight lines C~,b : y = ax  + b. The problem 
here was to minimize -b2 /a  under the constraint  f¢{i : AD~ - aDi  - b < 0} > 368. This gave 
a _~ -0 .78  and b -~ 4.38. 
................ i .......... 
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Figure 2. Estimate of the joint density with the ASH method based on a grid 50 × 50. 
The black curve is the contour line at level e = 9.75 x 10 -3. Diameter and annual 
increment are normalized. 
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Figure 3. Voronoi tessellation around the points of the data set. 'Phe fat line indicales 
the boundary between the 368 biggest polygons and the others. Axes are truncat~,d 
for visibility. 
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Figure 4. The envelope as estimated by Methods A (solid line), B (dashed lim~), 
and C (dotted line). For Method A, the change from Figure 3 is due to closintg. 
We indicate points which are classified ifferently by Methods A and (? (o) or by 
Methods B and C (+). 
F igure 4 shows the envelops produced by the three methods.  It should be noted that  (:lo~dng 
the Voronoi boundary  results in smoothing (compare with Figure 3). 
The points were again classified as inside or outside t, he envelope. The numl)er ()f points 
classified differently by Methods C and A (respectively, C and B) is 1()7 (respectively, la0). 208 
points were rejected by all three methods,  i.e., about  73% of the expected number of outli(~r~. 
4. D ISCUSSION AND CONCLUSIONS 
The envelope is defined here as the quanti le of a bidimensional  d istr ibut ion,  t, hough in or:her 
contexts different definit ions of the envelope may be considered. Let Fx  be th(~ (:umul~,tiw, 
d is t r ibut ion function of Y condit ional ly  on X.  If, for instance, the max immn valu(, ()f Y giv('u X 
is sought, the envelope may rather  be defined as the curve (:c,?j) such that  /~ (!j) (~, which is 
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a conditional quantile. Some methods, such as conditional quantile regression [6,7], have been 
proposed to estimate the conditional quantile. In our case study, this yields an ahnost constant 
potentiality for growth since the mean value of AD conditionally on D increases with D whereas 
its variance decreases (results not presented). 
Of the nonparametric methods tested, the method based on Voronoi" tessellation would appear 
to be slightly less effective than that based on density estimation. However, this method does not 
require any a pr ior i  assumptions on f ,  whereas the density estimation depends on the choice of an 
estimator. When an explicit equation is sought, the parametric method is more appropriate. A
comparison with one of the nonparametric methods provides an estimate of how well its solution 
fits the true envelope. 
The two nonparametric methods provide a unique solution on condition that f is continuous 
and not constant on subsets of nonnull area, so that the contour lines are well defined. The 
function l H I (A l )  is then continuous and strictly decreasing from 1 to 0. 
The two nonparametric methods are able to estimate nvelopes that may be irregular, or even 
unconnected. In some situations, however, a smoother envelope may be required. Convexity in 
particular is a useful feature, from a theoretical as well as a computational point of view [8]. 
Convexity implies connectedness. Maximization under constraints to produce a convex envelope 
(without assumptions on f)  is far from obvious because of the formalization of the constraints. 
It should be recalled that the intersection between two convex sets is convex. In particular, the 
intersection between a plane and a convex set is convex. Therefore, if f is convex, then the 
envelope is also convex. Of course, this condition is sufficient but not necessary. 
Some further refinements of the Voronoi" method may be developed. First, edge effects hould 
be corrected as points close to an edge tend to have smaller polygons at a fixed density [9]. 
Second, connectedness constraints may be imposed [3]. 
The proposed technique is also useful in other contexts. For example, when comparing enetic 
and morphological distances between individuals, a triangular elationship is often found [10]. 
These distances are generally very sensitive to outliers. Another application is h-scatterplot in 
exploratory analysis of spatial data. Since correlation is sensitive to outliers, it is important o 
detect suspect observations before performing classical techniques such as variogramms [11]. 
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